ON THE EXISTENCE OF BOUNDED SOLUTIONS FOR A NONLINEAR 

ELLIPTIC SYSTEM 
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Abstract. This work deals with the system (— A) m u = a(x)v p , (-A) m v = b(x)u q with 
| Dirichlet boundary condition in a domain C IR™, where Q is a ball if n > 3 or a smooth 

£S| ■ perturbation of a ball when n = 2. 

We prove that, under appropriate conditions on the parameters (a, b,p, q, m, n), any non- 
negative solution (u, v) of the system is bounded by a constant independent of (tt, v). More- 
over, we prove that the conditions are sharp in the sense that, up to some border case, the 
relation on the parameters are also necessary. 

The case m = 1 was considered by Souplet in [7J. Our paper generalize to m > 1 the 
results of that paper. 
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1. Introduction 
In this paper we consider the nonlinear problem 



( (-A) m u = a(x) vP inQ 

J \-A) m v = b{x) u q mfl (i.i) 

I (l;) i " = (ffi;) iw = o on9n o<i<m-i, 

where is the unit ball, namely, = S = {x G M n : |x| < 1} when n > 3, and S or 
some perturbations of B for the case n = 2 (see [3] for details of this perturbation), is 
the normal derivative, p, q > 0, pq > 1, and a, 6 are nonnegative bounded functions. Let us 
remark that the restriction on the domains is due to the fact that we will use that the Green 
function of the corresponding linear problem is positive. 

For the case m = 1, a priori bounds for non- negative solutions of (jl.ip in a C 2 bounded 
domain n were obtained by P. Souplet in [7J. To recall the results in that paper we introduce 



2(P + 1) , R 2(q+l) 
a = and p - 



pq — 1 pq — 1 

Souplet proved that, if max{a,/3} > n — 1, then 

IMU°°(«)> IMIl°°(c) < Cj (1-2) 

where the constant C depends only on p, q, a, 6, and n. 

Moreover, he proved that the result is sharp in the sense that, if max{a,/3} < n — 1, then 
there exist a non- negative solutions of (jl.ip which are not bounded. 

Our goal is to obtain similar results for non-negative solutions of (jl.ip for a general m. 

A key tool used in [7] are some weighted a priori estimates for the associated linear problem 
given by 

-Ait = / in $7 
it = on dn. 
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Then, in order to generalize the a priori estimates for the case m > 2 we will need to extend 
the weighted estimates to higher order linear problems. Non trivial technical modifications 
are needed to prove those estimates. Moreover, since we need to use positivity of the Green 
function, we have to restrict the domain Q as mentioned above. Indeed, for m > 2 and 
general regions the Green function is not necessarily positive. 



2. Weighted a priori estimates for the linear problem 

We will denote by d(x) the distance from x to the boundary of f2 and we will work with 
the Banach space L p dm ($7) where the norm is given by 



Mli^(fi) = (Jj u \ Pdmdx 



i/p 



for 1 < p < oo and IMI^^) := \\u\\ L oo( n) . 

In our arguments we will use some results given in [3j for the linear problem 

(-A) m u = f in ft 

[9_) J u = on dtt < j < m - 1. v ' ' 

We recall those results in the following lemma. Let us remark that these results, and conse- 
quently our proposition below, are valid in more general domains than those considered here. 
Indeed, the hypotheses used are that O is a bounded domain with (7 6m + 4 boundary for n = 2 
and (7 5m+2 boundary for n > 2. 



Lemma 2.1. Let u G C 2m (tt) and f € C(O) satisfy HJ\) . 

• If 2m > n, then there exists C > such that for all 9 £ [0, 1] 

\\ud~ m+9n \\ Laom <C\\fd m -^ n \\ L1{n) . 

• Let 1 < p < q < oo. If \ ~ \ < min{^, 1}, then taking a € (| - |,min{^, 1}] there 
exists C > such that for all 9 £ [0, 1] 

A~ m+8na\\ ^ n f jm— (1— 8)na n 

\\ud \\Li{n) <L\\Jd IIlp(Q)- 

Proof: See Proposition 4.2 in [3] • 

We have the following a priori estimates for solutions of problem (|2,ip . 



Proposition 2.2. Let 1 < p < q < oo. Let f £ L^ m (fi) and let u be a weak solution of \2. 1\, 
We have 

(1) if n < m, then u € L°°(ft) and there exists C > such that 

IMU«(n) < C ll/llii m (n) 

(2) if - — - < n+Zn > th en u € -L^m(^) and there exists C > suc/i 



INU^o) <C\\J\\ L P m{ ny 
Proof : From Lemma 12. II we have that, for 2m > n and 9 6 [0, 1], 

IM^l^ < CH/cT-^-^IUi^. (2.2) 
Then taking 9 = 1 and using that —m + n < and < diam(ft) we obtain 

IMU~ ( n) <c\\ u d- m+n \\ L ^ {n) <c\\fd m \\ LHn) 

and so (1) is proved. 
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On the other hand, using again Lemma 12.11 we have that, if there exists a € (| — 
i min{l, and 9 G [0, 1] such that 



(2.3) 



— m + Ona = ^ 
m-(l-0)na= f 

we obtain 

IMI^ m (n) < C \\fh p dm (n) 

for 1 - i < min{l,^}. 

p q L i n J 

Solving system (|2.3p we obtain 

a = (2+ - - -)— and 6 = (- + 1) (2 - - + 
q p n q p q 

We are going to show that a and # satisfy the required conditions if 2m ~" < = — i < 2 f" . 

00 " " m — pg n+m 

Since 1 <pwe have £ [0,1]. On the other hand, from the definition of a, it is easy to see 
that the condition - — | < a is equivalent to | — - < which is one of our hypothesis. 

Finally we have to see that a < min{l, — }. Since p < q we have a < — . Therefore, it 

1 

q 



only remains to consider the case ^ffl > 1. But a < 1 is equivalent to 2 "^~ n < ^ — ^ and so 
the proposition is proved under this restriction. 

Suppose now that i — - < 2m ~ n ■ In this case, for 2m > n, using again the first part of 

Lemma l2.lt f° r an ^ S [0, 1] we have 

\\ud- m+ ' en \\ LOO{n) <C\\fd m ^-~ e ) n \\ LH ny 
Moreover, if 9 < + 2* it follows that 

' — nq n ' 

hh^m < \\ud-™+^\\ L ~ m . 

Analogously, if 1 - f + ^ < 9, 

|| /£ r-(l-^[| il(n) <C||/||^ m(n) . 
Therefore, if we can choose (9 satisfying 1 — — + — < 9 < — + — we have 

' J ° n np — — nq n 

WAl^q) < C[|/[|^ m (n)> 
but, such a 9 exists because | — - < 2?) ^ w and the proposition is proved. □ 

Remark 2.3. The condition in (2) is almost optimal, i.e., if | — ~ > then the a priori 
estimate does not hold in general. We postpone the proof of this observation to the end of 
the paper because we will use the same technique as in the proof of our second main theorem. 

In the proof of the following proposition we will denote with Ai )m the first eigenvalue of the 
operator (— A) m and with <j)\ >m > a corresponding eigenfunction normalized by J n <j)\ >m = 1- 
We will use that there exist two positive constants c\ and C2 such that, in f2, 

cid m <^ m <c 2 d m , (2.4) 

sec [2J. 

Proposition 2.4. Let 1 < k < pjz^. If u is a solution of $2.1\) with f £ L^ m (£i) and f > 0, 
then there exists C > such that 



(2.5) 



-1 



Proof : Taking p = 1 in the previous proposition we obtain for 1 < k < ™-m 

W u \\L k dm (n) < c \\fhl m (n)- 
Using integration by parts and that / > we have 

\ L i = [ (-A) m ucTdx< [ (-A) m u^ m dx 
Jn Jn 

<C u(-A) m (j) ltm dx = CAi i?n / u<pi^ m dx 



n 



<C f ud m dx < C\\u\\ T i . 
~ Jn dm 



□ 



3. Main results 

We consider problem and define the exponents 

2m(p + l) , . 2m(g+l) 
a = and p = . 

pq — l pq — i 

Then, the natural extension of the results in [7J is given by the following 
Theorem 3.1. // 

max(a, j3) > n — m, (3-1) 
then, any non-negative solution of |7] 1}) satisfies 

where C is a positive constant which depends only on a, b, p, q, m, and fL 

We also prove, in the following theorem, that condition (13. ID is almost optimal. We cannot 
say optimal because we do not know what happens in the case max(a, f3) = n — m. 

Theorem 3.2. // 

max(a, (3) < n — m, (3-3) 

then, there exist nonnegative bounded functions a and b, such that have some non- 
negative solution (u,v), with u and v unbounded functions. 

Once we have the results of the previous section, the proofs of both theorems follows the 
lines of the case m = 1 proved in [7]. A key point in the arguments given in that paper are 
the estimates 

/ u(f> x>m , / v<j) ljTn < C. (3.4) 
Jn Jn 

A straightforward extension of the arguments given in [8] , to prove these estimates in the case 
m = 1, is not possible. Indeed, the proof given in that paper is based on a lemma of pQ which 
uses the maximum principle in subsets of fi. An analogous maximum principle is not valid in 
the case m > 2. We will give a different proof of this lemma using pointwise estimates for the 
Green function G m of problem (|2.ip given below. This is why we have to restrict £1 in order 
to have that the Green function is positive, i.e., we assume that Q = B = {x £ W 1 : \x\ < 1} 
when n > 3, and O = 6 or some perturbations of B for the case n = 2 (see [4] for details of 
this perturbation). We have: for 2m < n, 

G m (x,y) >C\x-y\ 2m ~ n minjl, ^"ffiT } . (3-5) 

for 2m = n, 

<*.(,, ,) * C l„ g (l + M^f) >_ C lo g ( 2 + ^) , (3,) 



and for 2m > n, 

G m (x,y) > C dixT'^ d(yr-^ min/l, \ . (3.7) 

{ \x-y\ n J 

The proofs of these estimates can be found in [1] for the case of m = n = 2 and in [6] for 
the rest of the cases. 

Lemma 3.3. Assume h>0, h € L^ m (Q) and v a solution of 

(-A) m v = h infl 

( v = on <9Q < j < m - 1. ^ ' ' 

Then there exists C > 0, depending only on Q and m, such that for all x £ Q 

V ^ >C [ hd m . (3.9) 



d m {x, Jn 
Proof : By the representation formula 

v(x) = / G m (x,y)h(y)dy 
Jn 

it is enough to prove that 



Consider, for example, the case 2m < n and suppose that {x \' x _yf2 > 1- Then, it follows 



G m (x,y) >Cd(x) m d(y) m . 

d(x) m d(y) 

from f)3.5|) . that 

G m (x,y) >C\x- y\ 2m ~ n > d(x) m - n/2 d{y) m - n/2 > Cd(x) m d(y) m 

where in the last step we have used that Q is bounded. On the other hand, if the minimum 
on the right hand side of (|3.5p is attained in rf ^J_Jpm we have 

G m (x, y)>C\x- y\- n d{x) m d{y) m > Cd(x) m d(y) m . 
The proofs for the cases 2m = n and 2m > n are analogous, using now (|3.6p and ([37 



respectively. □ 

Proof of Theorem I3.lt 

Step 1: From fj3.4|) and f|2.4[) it follows immediately, 

+ hh^ < C, (3.10) 

and therefore, for n < m, 

\\ u \\L°°(n)> IMIl°°(c) < C 
is an immediate consequence of (1) in Proposition 12.21 

On the other hand, if n > m, it follows from Proposition 12.41 that 

IMIls™ + IMIl* < c(k) (3.ii) 



for 1< k < 

— n—m 

Clearly we me 
so, there exists some k such that 



Clearly we may assume q > p and (3 > n — m. Then, it is easy to check that p < and 



k>p and k > e, (3.12) 

n — m 



with e to be chosen below, for which (|3.11[) holds. 

Step 2: Assume now that we can choose k\ € (k, oo] such that 



1 n 2m 

7- > r • 3.13 

ki k n + m 



Then, using Proposition 12.21 we have 

HU < C\\(-A) m u\\ Tk/p < C\\v p \\ Tk/p = C\\vf Tk , (3.14) 

L d m L d m L d m d™ 

which is finite because 1 < k < n+m . 

— n—m 

Observe that, if k > ^mt^+i) » we can 

take ki > (n +" )g satisfying (13+31) . 

Step 3: Assume 

ki > q (3.15) 

and let A;2 G (k\, oo] be such that 

1 q 2m 

— > f- . (3.16 

fc2 fci n + m 

From Proposition 12.21 we have 

IMU <c||(-Ar«|| fcl/ , <c|K||. fcl/9 = ch* 

which is finite by step 2. 

Step 4: We can see that conditions fl3~T3|) . (i3~T5l) . (T3TT6T) and min{/ci,/c 2 } > | for p E (0, 1), 
to be chosen below, are equivalent to 

p 2m 1 . f P 1 1 
A:=£-— — <-<mm J,- (3.17) 

and 

q 2m In . 

Observe now that, if 

(n + m) e»(7 

k < \ , J ZC , 3.19) 
~ 2m{q + 1) V ' 

we have ^4 > 0. Therefore ()3.17|) can be solved for k\ € [1, +oo) and with ^- arbitrarily closed 
to A whenever 

^ < -g- (3.20) 
k n + m 

and 

n 2m 1 

£ - — — < -• ( 3 - 21 ) 

A: n + m q 

But, (|3.20p holds if p satisfies 

n — m , 
——p<p<l, 3.22 
n + m 

and such a p exists because p < ■ 

On the other hand, since B = 2m ^- q+1 ^ > n — m, we have - > p ( n ~ m ) Then, since 

' r pq— 1 ' q n+m n+m ' 

k < we can choose e such that (13.2ip holds. 

Let us now see that condition (|3.18p can be fulfilled. Indeed, it is enough to see that all 
our parameters can be chosen such that 

f - < £ ■ < 3 - 23 > 

k\ n + m k 

Taking i in ([537]) closed enough to A we have that (|3.23p is equivalent to 

p > 1 - n, (3.24) 

where 77 := ^ (g + 1) A; - (pq - 1). 

Indeed, if X is closed to A = Z - then - is closed to f - - 

' fci fe n+m ' fci n+m fe n+m n+m 

Now, p < 1 is equivalent to 

n + m , 
k > —p-, (3.25) 
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but since f3 > n — m it is possible to take e small enough in (|3. 12[) such that f|3.25|) is satisfied. 

Finally we can take p £ (0, 1) closed enough to one such that que (|3.22p and (|3.24p hold. 

Step 5: It follows from step 4 that if (13. lip holds for some k satisfying f|3. 12j) and (|3.19p . 
then (|3.1ip is true with k/p (as a consequence of (|3.17p and (|3,18p ). 

Iterating the procedure we can reach, after a finite number of steps, some value k > fc^? , 

Then, it follows from the comment at the end of step 2 that there exists k\ > > 
such that ||u|| % 1 < C. 

Taking now k\ = ki, we can take A>2 = oo in step 3 to conclude that \\v \\L°°(n) < C. 
Analogously, by step 2 we obtain ||«||£°o(m < C. □ 

4. Existence of singular solutions. 

In order to prove Theorem 13.21 we follow the ideas of [7] . First we will construct a function 
/ £ L^ m (0) such that the corresponding solution of the linear problem (|2.ip is not bounded. 

Recall that our domain is a ball when n > 3, and smooth perturbations of a ball in the 
case n = 2. In any case, given xq £ dil, there exist r > and a revolution cone Si with 
vertex xq such that E := Ei Pi B2 r (xo) C Now, for 0<a<n-mwe define 

f(x) = \x-x \-^ +2m ^ Xs , 

where xs denotes the characteristic function of E. Then, it is easy to see that / E L^ m (Q). 
Let u > be the solution of (I2.ip with / as right-hand side. Then, we have 



u{x)= / G m (x,y)\y-x \- {a+2m) xx(y)dy. 



Using this representation formula together with the estimates of the Green function ()3.5|) . 
(|3.6p and (|3.7p it is not difficult to see that, for x E 

n(x) > C7 |x - xor Q XE(^)- (4-1) 

Proof of Theorem 13.21 Recall that a = 2m ( p+1 ^ anc l R = 2m ('?+i) ^ assuming 
< a, /3 < n — m. We define 

= \x - x r (Q+2m) xe(x) and ^(x) = \x - x \~^ +2m) xs(z)- 

Let it and i> be non-negative and such that 

(-A) m u = in O 

(-A) m v = rp mil, 

ii;) ju =(wY v = ondn o<j< m -i. 

Then, it follows from flU} that u £ L°°(0), w g L°°(0), 

v(aO p > (C |s - xor^Xs^)) 25 = C |s - x r (Q+2m) xs(x) = C0(s) 

and 

u(x) q >(C\x- x |" a xs(x)) 9 = C \x - x |- (/3+2m) xs(x) = C^(x). 

Therefore, defining a = (p/v p and b = ^/u q we have that a and b are nonnegative bounded 
functions, and (u, v) solves 

(-A) m u = a(x)v p and (-A) m v = b(x) vfl . 

□ 

We end the paper by proving the observation given in Remark 12 . 31 concerning the optimality 
of condition (2) in Proposition! 
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Proposition 4.1. Assume 1 < p < q < oo and \ > n - m - TTien £/iere exists / G L^ m (0) 
smc/i u ^ L q dm {Q), where u is the unique solution of {\2.1\i . 

Proof : Let < a < n — m and we define, as above, f(x) = \x — xo\~( a+2m,> xs(x) ■ Then 
we have 

= f \x - x \- (a+2m)p d(x) m dx < [ \x-x \- (a+2m ^ +m dx, 

and then, since p < f G L p dm (Q). 

But, for x G S there exists a positive constant C such that d(x) > C\x — xq\, and therefore, 
it follows from dHJ that for q > u £ L q dm (p). To conclude the proof we observe that, 

since - - - > -2™- we can choose a G (0, n — m) such that < a < □ 

p q n—m' \ i / g p—2m 

Finally let us mention that, to our knowledge, it is not known what happens in general in 
the limit case - — - = 2 ™ m ■ In the case p > m + 1 we have proved in [5] that 

IMlL« m (n) < C|l/ll^ m (n)- 
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